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REGGE CUTS 
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Abstract: Photoproduction of neutral pions on protons is analyzed in terms of models 
involving exchange of the w l~egge pole and Regge cuts due to ¢o pole plus the pom- 
eron. The differential cross  section in a wide range of energies and the asymme-  
try ratio are well accounted with a small number of free parameters .  

I .  INTRODUCTION 

One of the m o s t  i m p o r t a n t  c a s e s  in f avou r  of Regge  cu ts  is  the p h o t o p r o -  
duct ion  of neu t r a l  p ions  o r  p ro tons .  In Regge  pole  a n a l y s i s  th is  is  domina t ed  
by exchange  of the w t r a j e c t o r y  a w  (t). S tandard  r e g g e i z a t i o n  imp l i e s  that  
the  d i f f e ren t i a l  c r o s s  sec t ion  m u s t  show a dip at  a¢0 = 0; th is  is indeed  ob-  
s e r v e d  at t ~ - 0 . 6  GeV 2 at r e l a t i v e l y  low photon lab. m o m e n t a  (k7 < 6 GeV) 
( refs .  [1, 2]). H o w e v e r ,  at  h igher  e n e r g y  th is  dip c o m p l e t e l y  d i s a p p e a r s  [2]. 
Simple  Regge  pole  m ode l s ,  cons i s t i ng  of w p lus  s o m e  l o w e r - l y i n g  t r a j e c -  
t o r y ,  p r e d i c t  a dip m o r e  p ronounced  with i n c r e a s i n g  ene rgy .  Thus  we 
should  seek  a d i f f e ren t  p i c tu re .  

We c o n s i d e r  m o d e l s  cons i s t i ng  of the w Regge  pole  p lus  a s e r i e s  of c o m -  
plex  angu la r  m o m e n t u m  (J) b r a n c h  po in t s  ~ ( t )  f o r m e d  by exchange  of w 
plus  n p o m e r o n s .  The b r a n c h  point  due to exchange  of w p lus  one p o m e r o n  
of t r a j e c t o r y  a p ( t ) i s  ~ iven  by [3] 

~ l ( t )  = m a x { ~ w ( t ' )  + a  p ( t " ) -  1} , (1.1) 

1 1 1 

w h e r e  t ' ,  t"  --< 0 and ( - t ' )  ~ + ( - t" )  ~ --< (-t)  ~ (t --< 0); etc.  In the l i nea r  t r a -  
j e c t o r y  a p p r o x i m a t i o n  

o 
aw( t  ) = ~ w + X w t  , u p ( t )  = 1 + Xpt , (1.2) 

* Also supported by the National Research Council of Canada. 
** Address after September 1, 1969: Department of Applied Mathematics and Theo- 

retical Physics,  University of Cambridge, England. 



REGGE CUTS 247 

which is  expected  to be val id in the reg ion  of i n t e r e s t  (0 < - t  < 1.2), 
Eq. (1.1) is  eas i ly  seen  to lead to 

an( t  ) = a ° + An t X-1 = X~I + n ~ l  
O0 ' n 

Thus,  e.g.  fo r  t ~ -0.6:  an(t) >aw( t ) .  Th is  imp l i e s  that  with i n c r e a s i n g  
ene rgy  the Regge cuts  dominate  over  the 00 pole. With the dip at  t ~ -0.6 
a s soc i a t ed  with z e r o s  in the ¢0 r e s i d u e s  and with the cuts  contr ibut ing a 
smooth ,  non-van ish ing  function of t, it i s  eas i ly  seen  that  at suff icient ly 
high energy  the dip mus t  d i sappear•  

( 1 . 3 )  

2. STRUCTURE OF THE MODEL 

Since in our  approach  the dip is  r e l a t ed  to nonsense  f a c t o r s ,  it is s i m -  
p l e r  to p roceed  via  t -channel  hel ic i ty  ampl i tudes  fkT,kTr,kN~lq (t, cos  Or). 

. . ( ~  
Following s tandard  p r o c e d u r e s  [4], we define pa r i t y  conse rv ing  ones ] ~ #  
where  ~ = ~7, - ~ ,  # = A N - kl~ and a = +(-) denotes  na tu ra l  (unnatural) 

• • q -  

p a r i ~ :  The ¢o pole,  which p rov ides  the dr iv ing  fo r ce ,  cont r ibu tes  to ] 0 1  
and )?11 with 

K~l(t)  f+x(c°)(s,t) - f ~(W)(s,t) = bx(t) (e-½iTrs) aw( t ) - I  , (2.1) 

where  the ene rgy  sca le  has  been  chosen,  as  usual ,  s o = 1 GeV 2 and 
1 

Ko(t) =- t - #2 E l ( t  ) _ t -g( t  _ #2) 

(# = pion mass ) .  With the k inema t i c  f a c t o r s  Kx(t)  taken out, b~(t) a re  ana l -  
y t ic  funct ions  in the t -p l ane  cut along 9# 2 --< t < co. 

The funct ions  bx(t) vanish  when a w ( t  ) c r o s s e s  the i n t ege r s  J = 0, - 2 , . . .  ; 
they may  vanish  a lso  at J = -1 ,  - 3 , . . .  We shall  take 

O O 

bo(t) = 7,o( a °  + kwt)(1 + a¢o + ;~wt)(2 + coo + h w t ) . . .  (2.2a) 

(7,o = const .)  Analyt ic i ty  and f ac to r i za t ion  r e q u i r e m e n t s  for  the w pole [5] 
imply  b 1 ~ t as  t --* 0, so that  

o +Xwt)( 2 + o bl( t)  = 7,1t( a °  +~00t)(1 + a w a w + ~¢ot) . (2.2b) 

The cons tan ts  7,0 and 7,1 a r e ,  in gene ra l ,  f r e e .  However ,  the r a t io  7,1/7,o 
can roughly be e s t i m a t e d  f r o m  Regge pole ana lys i s  of NN ~ NN, where  ¢o 
con t r ibu tes  s ignif icant ly;  and ref .  [6] g ives  1 < 7'1/7o < 3. Then a s s u m i n g  
vec to r  dominance ,  we can ca lcu la te ,  say ,  7,0 f r o m  the co-exchange con t r i -  
bution to 7rN ~ pN [7]. 

(Y  

To ca lcula te  the cut contr ibut ion to f ~ #  notice f i r s t  that  fo r  I t[ <~ 1 the 
ampl i tude  fo r  p o m e r o n  exchange can welI  be wr i t t en  neglect ing spin: 
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f(P)(s,t)  = ~ (e-2Z~s) p ( t )  ~ = rea l  c o n s t . .  (2.3) 

Next we use methods developed in Regge cut models  fo r  e las t ic  N-N and y-N 
sca t t e r ing  [8, 9]. Fo r  (2.3) we introduce the Hankel t r ans fo rm:  

F(P)(b, s) = f f ( P ) ( s , - q 2 )  Jo(bq) q dq (2.4) 
O 

(t = _q2) and for  (2.1): 

oo 

F( : ' b .  s) -- / 
0 

c 1 
The contr ibut ion f x  of the f i r s t  cut (co + P)  will be given by the Hankel 
t r a n s f o r m  

oo 

f ~ l ( s , t )  = 2Ap f F(C°)(b,s) F(P)(b,s)Jo(bq) b db . (2.6) 
0 

On the other  hand, by wri t ing 

+cuts ' s ,  S F[C°)(b, s) (e2ApF(P) f ~  t t) = - 1) Jo(bq) b db • (2.7) 
O 

and expanding 

c o  

z ~ 1 
e - 1  = Z.,, nT 

Z n 

n=l  

we cons t ruc t  an infinite s e r i e s  of cuts (in accord  with models  of field theory  
or  s -channel  uni tary  i t e ra t ions  of Regge poles).  As we shall  show, these  
cuts have all the p r o p e r t i e s  es tabl ished in expli_.cit dynamical  models .  

In ~,N ~ ~N it is well known that,  at t = 0, f l l  andS01 sat is fy  a k inemat -  
ical  cons t ra in t  (conspiracy relat ion).  Introducifi~ 

fo(s , t )  ~ t½(t- 4M2) -½ ( t -  /z2) -1 fol(S, t)  , (2.8) 

we reduce  this cons t ra in t  in the fo rm  

fo(S, O) = (2M)- 1 f ; ( s ,  0 ) .  (2.9) 

In cont ras t  to a Regge pole which asymptot ica l ly  cont r ibutes  to hel ici ty am-  
pl i tudes with definite a (= + or -) a Regge cut cont r ibutes  to both a = + and 

In view of (2.2b), f~(wl is, O) = 0, so that (2.9) {Y r e q u i r e s  

- .-I --+cutsr f o(S, O) = (2M) f l ~s, O) . (2.10) 



~EGGE CUTS 

This  re la t ion  in t roduces  some unnatural  (a = -) par i ty  exchange without 
ex t r a  p a r a m e t e r s .  

249 

3. REGGE CUT CONTRIBUTIONS 

In phenomenological  appl icat ions for  - t  < 1 GeV 2 the w Regge pole con- 
t r ibut ion can well  be approximated  by keeping only the f i r s t  pa ren thes i s  
(s ° + Xwt) in (2.2). At ve ry  high energy  (kv > 15 GeV) the same holds fo r  
th~ cut contr ibut ions  cons t ruc ted  as in (2.6) or  (2.7). Here ,  however ,  we 
want to account  fo r  detai led exper imen ta l  informat ion (including data with 
po la r ized  photons) which extends to r a t h e r  low ene rg ie s  (2.8 --< kv --< 16). 
Even down to kT = 2.8 we find that f+(cuts)(s, t) is  not sens i t ive  to the exact  
f o r m  of (2.2a); and that it is  suff icient  to use:  

kwq2) (e-½i~s)aw(:q2)'lJo(bq) F ( : ) ( b , s )  = V ° f (~ :  - q d q .  (3.1a) 
o 

However ,  fo r  k~ < 15, f;(cutS)(s, t) is  sens i t ive  to the exact  f o rm  of (2.2b). 
Thus we shal l  use the following s imple  pa r am e t r i z a t i o n  

F~ °a)(b's) : -~'1 f~ q2(q:_ Aq2)(e-½iTrs)aOo(-q2)-ljo(bq) q dq (3.1b) 
o 

where  A = f r e e  p a r a m e t e r .  
The Hankel t r a n s f o r m s  (3.1) can be calculated explici t ly  to give [10]: 

F(W) (b, s) 
0 

F~°~)(b, s) 

where  

e-b /0 w o 1 L (b2/82)} , _½i~s~a¢o_ 1 28-w 2 2 2 
= "yo le , {a~ - ~- 1 ' (3.2a) 

1 .  2 2 
= -71 (e -z-z s)aW -1 (½0w) -4 e -b /8 w 

(3.2b) 

1 o 2 2 (b2/02)} {~a w L 1 (b /0 w) - h(½0w) -2 L 2 

2 
p -= I n s  - ~/~ , O~ - 4pXo: (3.3) 

and Lm(b2/82), m = 1, 2, a re  the L a g u e r r e  functions of o r d e r  m. 
We shall  p roceed  with the genera l  model  of an infinite s e r i e s  of cuts.  

Replacing (3.2) in (2.7) and using the t r a n s f o r m  [10] 

T b db Jo(bq) e -Bb2 Ln(ab 2) - (fl- a)n e-q2/4BL [ aq2 
o 2Bn+l n ~ t ~ J  ' 
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we obtain 

0o 1 (~p; X n o nX. 
f :(cutS)(s ' t)  = ~'°,n~=l ~. -~w { a w -  pXp 

1 ~ n ' X n ' 2  n 

{a° L1%) 

where  an(t) as  in (1.3) and 

Ll(Zn)} (e -~i~ s) an(t)-I  , (3.4a) 

2nknA 
PXPXw L2(Zn)} (e-½i~s)an(t)-I ' (3.4b) 

Xp 
z n - tXnOnX w . (3 .5 )  

F o r  Itl  < 1 and the ene rg i e s  of i n t e r e s t ,  ]Znl << 1 and (3.4) can be s imp l i -  
f ied by taking Lm(zn)  ~ 1. 

In the l inea r  t r a j e c t o r y  approx ima t ion  the in t e rp re t a t ion  of the va r ious  
t e r m s  in the s e r i e s  (3.4a) via  s ingu la r i t i e s  in complex  J is  s t r a igh t fo rward :  
F i r s t ,  the exponent an( t )  g ives  exact ly  the pos i t ion  of a moving b r a n c h  
point  due to exchange of w plus n pomerons .  Also,  the f a c to r  exp(-½i~ an( t  ) 
c o r r e c t l y  e s t a b l i s h e s  the a sympto t i c  phase  of the co r r e spond ing  cut [11]. 
F inal ly ,  it i s  known that  as  the number  of the exchanged p o m e r o n s  in-  
c r e a s e s ,  the cuts  contain d e c r e a s i n g  powers  of In s - ½i~. In view of 
L l(zn) = 1 + zn, to each  o r d e r  n the t e r m s  

o nLn o nXn X2 
n 

a w - LI(Z n) = a w t (3.6) 
pXp pXp X w 

can be i n t e rp re t ed  as  superpos i t ion  of 3 cuts  with d i f ferent  d iscont inui t ies  
n e a r  the b r anch  point J = an(t ). Clea r ly ,  a s i m i l a r  i n t e rp re t a t ion  holds fo r  
(3.4b). 

In the s e r i e s  (3.4) as  well  as  in s i m i l a r  expans ions  in NN ~ NN and 
lrN ~ lrN (refs .  [8,9]) the power  n of the r ea l  p a r a m e t e r  ~ equals  the n u m b e r  
of p o m e r o n s  contr ibut ing to the b ranch  point at J = an( t ) ;  thus it is  r e a s o n -  
able to cons ide r  ~ as  an effect ive  a v e r a g e  coupling of P to the s c a t t e r e d  p a r -  
t i c l es .  Then ~ can be e s t ima ted  by cons t ruc t ing  a s i m i l a r  model  for  yp--*~+n 
at  sma l l  It I, when Regge cuts  a r e  a lso  expected  to be v e r y  impor tan t .  Also,  
in the vec to r  dominance  model ,  7p ~ ~Op (w exchanged) and fo rward  Tp ~ + n  
(~+ exchanged) a r e  r e l a t ed  to pN --. ~N; thus the p o m e r o n  is coupled to the 
s a m e  ex te rna l  p a r t i c l e s  and is  expected  to have c o m p a r a b l e  s t rength.  
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4. NUMERICAL APPLICATIONS AND DISCUSSION 

We shall analyze the data for  yp ~ Tr°p using two different  Regge cut 
models.  In both of them the w pole contribution is taken 

~X(lw)(s,t) = Kx (t)[3x (t)aw(t) (e-~i~s)aW (t)-I 

with 

~ o  = ~ o ,  E1 (t) = Yl  t ; 

in accord with most  phenomenological applications use 

(4.1) 

(4.2) 

aw(t)  = 0.475 + 0.86 t , (aw(t  = - 0 . 5 5 )  = 0) .  

Each ~ l ( S '  t) will in addition contain a cut contribution Kx(t) f~(cutS)(s, t) 

In the f i r s t  model f~(cuts)  will be constructed by taking in (3.4) only one 
cut (the t e rm n = 1), which thus r ep resen t s  the overal l  se r i es  in an average 
sense; for re la t ively  smal l  ]t ] this  is  a usal  approach. Then, we shall  fix 
Xp = 0.3 GeV -2 and, as  usual  in one-cut  models ,  take p ~ I n s  (asymptotic 
one-cut  form).  With L m ( Z l ) ~  1, (3.4)give:  

;~1 ( c o  ~1 s)(e-~/Trs)a l ( t ) - l"  ' 
'¢+Jo (cu t ) ( s ' t )=  Yo I n s  ~w \ - W - ~ p  In ( 4 . 3 a )  

f ; (cu t ) (s ,  t) = -Yl ~ X 1 2 2~1A . 
( : -  ,o s) 

The value of ~ has been determined through the equivalent one-cut  model of 
yp ~ 7r+n [12]; we find 

= - 8 . 1  . ( 4 .4 )  

We take ~1/~o = 1.5. Final ly,  we fix A = ½Xw, which gives f~(cut)(k~,t) 
smoothly varying for  all k~ > 2 GeV/c. For  t sufficiently smal l  the con- 
s t ra in t  (2.10) implies  that f o ( s , t )  also rece ives  a contribution 

fo(S,  t) ~- (2M) -1 f ] (cu t ) ( s ,  t) . (4.5) 

We shall a ssume (4.5) for  all - t  <~ 1 GeV2; and this is very  important  in cal-  
culating the a s s y m e t r y  

da±/dt-  d¢r,/dt 
R = da. /dt  + d~,/dt  ' (4.6) 

where (r.(¢r,) the c ros s  section for  photons polar ized perpendicular  (paral-  
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Fig.  1. Calculated differential  c ross  sections at lab. momenta k~= 5, 6, 11 and 16 
GeV. Full l ines: one-cut model; dashed lines: model with infini te  se r ies  of cuts. 

Data: I f rom ref.[1];  ~ f rom ref.[2].  
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lel)  to the p r o d u c t i o n  plane.  The d i f f e ren t i a l  c r o s s  s ec t i on  da/dt (= da±/dt 
÷ d a , / d t )  is ca l cu l a t ed  f r o m  

±~2 (S - M2)2 dt-d~ ~ if ,x  l 2 (4.7) 

and the r e s u l t s  a r e  shown in f igs .  1 and 2 (solid l ines) .  
The  s e c o n d  cut  m o d e l  k e e p s  the c o m p l e t e  s e r i e s  in (3.4) with exac t  f a c -  

l . f f  1 t o r s  p = In s - ~  . We take  A = ~'w, as  b e f o r e ,  and ~p  = 0.8. The equ iva len t  
inf ini te  cut  mode l  appl ied  to ~p  ~ ~+n l eads  to exce l l en t  a g r e e m e n t  with [12] 

: -10 .5  . (4.8) 

H e r e  the value 71/7o = 2.5 l eads  to f a i r  a g r e e m e n t  (figs. 1 and 2; da shed  
l ines) .  

The  p h y s i c a l  a s p e c t s ,  which  a r e  m o r e  o r  l e s s  in c o m m o n  to both our  
m o d e l s ,  can be s u m m a r i z e d  a s  fo l l ows :  At r e l a t i v e l y  low e n e r g y  (k7 < 10) 

+ w) the pole  c o n t r i b u t i o n s j ~ l  (s, t) c on t ro l  the b e h a v i o u r  of da /d t ;  thus ,  at  
t ~ -0 .55 we have a d i p : ' - A l s o ,  ax  con ta ins  only e x c h a n g e s  with a = + (i.e. 
f~o a n d r e )  and a i, only (~ = - (i.e. f o ) ;  away  f r o m  the dip the pole  c o n t r i b u -  
t ions  enhance  da±/dt, so the a s y m m e t r y  R is  r a t h e r  l a rge .  At t ~ -0 .55 ,  
R a l s o  has  a dip; t h e r e  is ,  h o w e v e r ,  s t i l l  s ign i f i can t  con t r ibu t ion  to ~01 and 
f ~ l  f r o m  the cu ts ,  thus  lead ing  to R > 0 even t  at  the dip. 

At h ighe r  e n e r g y  the r e l a t i v e  i m p o r t a n c e  of the cu t s  i n c r e a s e s ,  a s  can  
m o s t  e a s i l y  be s e e n  in the  o n e - c u t  m o d e l  (4.3): F o r  2.8 < k7  < 16 GeV the 
quant i ty  

Fig. 2. The asymmetry  ratio R at k 7 = 2.8 GeV. Full line: one-cut model; dashed 
line: model with infinite se r i e s  of clits. Data: Bellenger et al., Proceedings of the 

XIV Intern. Conference on H.E. Physics (Vienna, 1968) p. 3. 
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] 
in  s ~p  in  s 

r e m a i n s  e s s e n t i a l l y  cons t an t ,  w h e r e a s ,  with A = 2 w, 

 ns) (In s)2 

d e c r e a s e s  s lowly.  T h u s  the Regge cu t s  g r a d u a l l y  take  ove r  and the dip i s  
washed  out. 

It i s  of i n t e r e s t  tha t  our  v a l u e s  of the p a r a m e t e r  ~ (in (4.4) and (4.8)) 
a r e  n e a r l y  the s a m e  as  those  d e s c r i b i n g  e l a s t i c  s c a t t e r i n g  in  e q u i v a l e n t  
m o d e l s  (e.g. the second  of ref .  [9] g ives  ~ = -7  fo r  pp --" pp and ~ = -10  
fo r  pp - .  ~p). Th i s  f u r t h e r  s u p p o r t s  the i n t e r p r e t a t i o n  of ~ as  an  a v e r a g e  
p o m e r o n  "coupl ing"  and a l lows  a s i g n i f i c a n t  r e d u c t i o n  of the n u m b e r  of f r e e  
p a r a m e t e r s  in  Regge cut m o d e l s  of two-body  i n e l a s t i c  r e a c t i o n s .  
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